We have previously been proposed a novel adaptive finite-element method (FEM) based on a magnetic field conservation indicator and a non-conforming mesh-refinement technique. However, we have applied to a very simple model consisting of a single permanent magnet for basic verification of the proposed method. In this paper, we have improved an error indicator, and tried to apply a newly proposed adaptive FEM to more complicated models, where ferromagnetic material is included. The newly proposed method is superior in torque error estimation to the Zienkiewicz-Zhu error estimation method in a 3-D permanent magnet motor model. Index Terms-Adaptive finite-element method (FEM), error estimation, magnetic field conservation, non-conforming mesh.
I. INTRODUCTION
A NOVEL adaptive finite-element method (FEM) has previously been proposed utilizing a magnetic field conservation evaluation as an error indicator and a non-conforming mesh-refinement technique as a mesh-refinement scheme [1] . Our goal is to improve the simulation accuracy with less number of elements. Though the performances of PCs are enhanced, the generation of an unnecessary large number of elements is undesirable to adaptive FEMs.
Some error indicators were proposed [2] - [5] , and an error indicator based on the conservation of magnetic field H on the interface between two elements [1] , [5] are very promising from the mathematical viewpoint. Meanwhile, a few kinds of non-conforming techniques were also proposed such as the discontinuous Galerkin method [6] , the mortar FEM [7] , and the mesh interpolating method [8] . The interpolating method is well suited for the proposed adaptive FEM [1] .
The previously proposed adaptive FEM resulted in the generation of a suitably dense mesh with less number of elements. The proposed method has two advantages: 1) it is possible to indicate an error on element surfaces between different materials and 2) it is easy to subdivide badly evaluated elements into smaller ones, even though they are elements on object boundary. That is, it is easily applicable to a complicated simulation model including iron cores or plural kinds of materials. However, we have never shown any result of models containing multiple materials.
In this paper, first of all, two modifications on the error indicator are shown. Then, the proposed adaptive FEM is applied to two models: a single permanent magnet and iron core model, and a surface permanent magnet (SPM) motor model. In the SPM motor model, the computation of torque is enhanced using the proposed error indication. It is well known that it is difficult to compute the torque without using a symmetrical mesh. However, the proposed method derives an accurate torque even though non-symmetric mesh is initially used. The obtained results are compared with the Zinkiewicz-Zhu (ZZ) error estimation method results. Fig. 1 shows the flow of a common adaptive FEM. The magnetic field conservation indicator [5] and the non-conforming mesh-refinement technique are used in the proposed method [1] . In this paper, an edge-based tetrahedral finite element is employed.
II. ADAPTIVE EDGE-BASED FINITE-ELEMENT METHOD

A. Error Indicator Based on Magnetic Field Conservation
As an error indicator, a weighted tangential component of magnetic field d was proposed in the previous paper [1] as follows:
where i , j , S, H, w, and n are the indices of adjacent elements and edges (see Fig. 2 ), the element surface, the magnetic field strength, the vector interpolation function, and the unit vector normal to the element surface S, respectively. However, on the surface of permanent magnet, the indicator (1) must be
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As a result of the conventional edge-based FEM, the values of D j are not zero. Therefore, as the final error indicator E of the previous paper [1] , we proposed
However, the value of the error indicator E strongly depends on the angle between the vector (H−K) and the edges. Therefore, we have newly proposed the following error indicator:
Using (5), the new error indicatorĒ is independent of the angle between the vector (H − K) and the edges. Since the component of magnetic field H tangential to the element surface is continuous on the boundary of different materials, this error indicator becomes useful, robust, and effective.
B. Non-Conforming Mesh Refinement Scheme
A mesh-refinement task is burdensome in the conventional adaptive FEM. As a mesh-making method, the Delaunay triangulation method is well known and widely used. However, many ill-quality elements, such as flat or inside-out elements, are often generated with adaptive steps. In the proposed meshrefinement scheme, one element indicated with a large error is subdivided into eight smaller elements. Actually, using the above error indicator, two elements are simultaneously evaluated, so two elements with a large error become 16 smaller elements. Some of these elements to be subdivided have a surface sharing with an element not to be subdivided, a nonconforming surface is generated there (see Fig. 3 ). Since nodes are placed on edges for element subdivision, the nonconforming refinement scheme is easily applicable to elements even on the boundary of analysis objects. The level difference of subdivision between two neighboring tetrahedrons is limited to two, in order to avoid the sudden change of mesh density. The large mesh-size difference would make it difficult to solve the system equations.
As shown in [1] , the proposed method reuses all the created constitutional matrices C on every adaptive step. As the result, on the i th step, we can obtain the following system:
where L,ã, and b are the stiffness matrix, the vector potential on master edges, and the source vector, respectively. In this relation, a 1−9 are the unknown variables, however, A 1 , A 2 , and A 3 are interpolated from a 1 and a 2 , a 3 and a 4 , and a 5 and a 6 , respectively.
In our non-conforming scheme, the larger surface is employed as a slave, and the smaller as a master. On the geometrical relation shown in Fig. 4 , the relation between the master and slave is obtained as follows: 
Using the constitutional matrix (7), the vector potentials on subdivided edges are unknown, meanwhile those on the parent edges before subdivision are obtained from the interpolation of subdivided edges.
On each adaptive step, the system of equations is not renumbered and not compressed in our program code. The matrix diagonals on the slave edges are 1, meanwhile the other elements are 0. Although the memory wastes, it is easy to make a program of adaptive FEM as a hierarchical repeatable function. The obtained system is solved by the conventional incomplete Cholesky conjugate gradient.
III. APPLICATIONS
To confirm the validity of the proposed adaptive FEM, it was applied to two models including ferromagnetic materials: a simple model and an SPM motor model.
A. Simple Model (Permanent Magnet and Iron Core)
The proposed adaptive method is robust to models consisting of multiple materials with different permeability, such as a permanent magnet and an iron. To show the effectiveness of the proposed adaptive FEM, it is applied to a model consisting of a permanent magnet and an iron, as shown in Fig. 5 . Fig. 5 also shows the simulation specifications.
The initial rough mesh of 18 838 elements was created by commercial software. The magnetic energy error of the initial mesh was 7.48% as a true value of simulation result with a large number of elements. Fig. 6 presents the magnetic energy error as a function of number of elements. In the first few steps, the magnetic field error is drastically reduced. At the fifth adaptive step, the error decreased to 0.06% with 708 989 elements. Fig. 7 shows the flux line maps visualized from the simulation result at the fifth adaptive step. The proposed adaptive 
B. SPM Motor Model
Next, the proposed adaptive FEM is applied to an SPM motor model [9] . Fig. 8 shows the motor model, whose initial rough mesh is created with commercial software. The mesh is the coarsest capable to representing the motor structure.
To confirm the validity, the simulation result is compared with that of the ZZ method. It took approximately 5 min for three steps in the proposed method and 29 min for five steps in the ZZ method. Fig. 9 plots the magnetic field on the final mesh (the third step in the proposed method and the fifth step in the ZZ method). The proposed method obviously obtained the smooth magnetic field map.
Figs. 10 and 11 show the torque and magnetic field energy error transitions during the process of adaptation. Here, the true torque is theoretically 0, and the expected true field energy is obtained from a mesh with a large number of elements (3.86 J). From the viewpoint of torque, the torque of the proposed method is drastically enhanced due to the improvement of the discontinuity of the tangential magnetic field component. The elements around the air gap are well subdivided as shown in Fig. 12 . The final values are 0.7 mNm in the proposed method and 48.4 mNm in the ZZ method. Meanwhile, the magnetic energy error of the proposed method does not converge to zero. The ZZ method is superior in the magnetic field energy evaluation, because it evaluates magnetic field energy continuity between adjacent elements as an error indicator.
Next, Fig. 13 indicates the element subdivision map in the proposed adaptive FEM. On every step from the initial to third subdivision mesh, the elements around permanent magnet and air gap are badly evaluated. Fig. 14 shows the element subdivision map with the adaptive step in the ZZ method. As the adaptive step proceeds, the elements in the entire region are ill evaluated. Since the small elements are distributed in the entire region, the accuracy of the magnetic field energy is enhanced but the torque accuracy is not improved.
IV. CONCLUSION
The proposed method was applied to two models containing ferromagnetic materials to show the validity. Since the continuity of the magnetic field tangential to element surface was evaluated in the proposed adaptive FEM, the accuracy of torque computation in the motor model was enhanced. However, the magnetic field energy was badly evaluated.
In near future, the proposed method must be modified to enhance the magnetic field energy error. One reason of the large energy error is that the magnetic field H is too high in the air gap, and the elements in the air gap are over evaluated in the proposed adaptive FEM.
